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Exercise 1

Prove in the following steps that the mapping t → evt, de�ned by

evt : C([0, 1]) → C, f 7→ f(t),

de�nes a homeomorphism Ψ between [0, 1] (with the usual topology) and Spec(C([0, 1]).

(a) Verify that evt is an element of Spec(C([0, 1])) for every t ∈ [0, 1].

(b) Show that Ψ is injective.
Hint : Consider the function t 7→ |s− t| for any �xed s ∈ [0, 1].

(c) Show that C([0, 1]) is the unique closed ideal I of C([0, 1]) with the property that for
every t ∈ [0, 1], there exists some f ∈ I with f(t) ̸= 0.
Hint : Conclude from the compactness of [0, 1] that I contains an invertible element.

(d) Show that the image of [0, 1] under Ψ is all of Spec(C([0, 1])).
Hint : Using (c), �nd for every ϕ ∈ Spec(C([0, 1])) some t ∈ [0, 1] with ker(ϕ) =
ker(evt).

(e) Show that Ψ is continuous.

(f) Show that also the inverse of Ψ is continuous.
Hint : Use the Hausdor� property of Spec(C([0, 1])).

Exercise 2

Let A be a unital C∗-algebra.

(a) Show that for every invertible x ∈ A, we have

sp(x−1) = {λ−1; λ ∈ sp(x)}.

(b) Show that the spectrum of a unitary u ∈ A is contained in the unit circle of C, that
is,

sp(u) ⊂ {λ ∈ C; |λ| = 1}.

Talk

The main source for this exercise is: Lecture Notes on C∗-algebras

https://web.uvic.ca/~ifputnam/ln/C*-algebras.pdf


(a) Read Section 2.1 to 2.3. Give a brief introduction to representation theory of groups,
that is, explain what a regular representation is, give the de�nition a group algebra,
and consider the special case of �nite groups.

(b) Read Section 2.4. De�ne the (full) group C∗-algebra C∗(G) and the reduced group
C∗-algebra C∗

r (G) for a discrete group G and state some facts.

(c) Read Section 2.5. What is Pontryagin duality for compact groups? (Consider Theorem
2.5.5) What is C∗(Z)?

For c) you may also consult the motivation of Chapter 19 in Functional Analysis 2
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https://www.math.uni-sb.de/ag/speicher/lehre/opalgsose18/FunktionalanalysisII.pdf

