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Abstract

This document contains supplementary materials for the main article [1]. All notations
used here are in accordance with that in [1].

1 SDEs driven by orthogonal martingale measures

1.1 Martingale measures and integration

We briefly recall the notion of martingale measure initiated by Walsh [8]. We consider here the
finite time interval [0, 7] but note that the discussion below can be readily extended for [0, c0).
Let (E,dg) be a complete and separable metric space equipped with its Borel o-field B(E). A
mapping M: Q x [0,7] x B(E) — R is called an (F,P)-martingale measure on [0,T] x B(E) if:
1. For A € B(E), (M(t, A))sejo,r] is an L?(P)-martingale adapted with F and M (0, A) = 0;

2. For t € [0,T] and disjoint A, B € B(E), one has M (t, AU B) = M(t, A) + M(t, B) a.s.;
3. There exists a non-decreasing sequence (Ey,)neny € B(E) with UyenEy, = E such that

(a) For any n € N, supepg,) M (T, A)||L2 @) < oo

(b) For any n € N, one has [|[M (T, A)||p2p) — 0 for all decreasing sequence (Ax)ren C
B(E,) with NgenAg = 0.

An (F,P)-martingale measure M is said to be continuous if [0,T] > t — M(t, A) is continuous
for all A € B(E). Note that, due to the usual conditions, we always choose the cadlag version
of the martingale M (-, A) for any A € B(E).

An (F,P)-martingale measure M is orthogonal if M (-, A)M(-, B) is an (F,P)-martingale for
any disjoint A, B € B(E). It is indicated by Walsh [8] (see also [5, Theorem I-4]) that if an
(F,P)-martingale measure M is orthogonal, then there is a random positive finite measure pp; on
B([0,T] x E), which is F-predictable (i.e. (pas((0,]x A));e(o,7) is F-predictable for all A € B(E)),
such that

inr((0,8] % A) = (M(-,A)), P-as., V(tA) € [0,T] x B(E).
The measure pu )y is then called the intensity measure of M. Moreover, for ¢t € [0,T], A, B € B(E),
<M(a A)v M(7 B)>t = <M(7 AN B))t = MM((Oa t] X (A N B)) P-a.s.

The stochastic integrals driven by an orthogonal martingale measure M can be constructed via
the It6’s approach (see [5, 8]) as follows. Let L2(FF, ups) be the collection of all F-predictable H
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(i.e., H is Pr ® B(E)/B(R)-measurable) with E[fOTfEH(t, z)?pn(dt, dz)] < oo. For a simple
function H(w,t,2) = 31" hi1(w)L(,_, 4,1 (t)14,(z) where A; € B(E), 0 <tg <t; <--- <t, <
T, hi—1 is bounded and F;, -measurable, n € N, we define

H~M(t,A) = ihifl[M(ti At, AN AZ) — M(tlpl ANt, AN Al)], (t, A) € [O,T] X B(E)
=1

Then, it is clear that H - M is an (F,P)-martingale measure and satisfies the isometry

E[|H - M(t, A)[? U/Hmmdtdx) (1.1)

As the family of simple functions is dense in L2(FF, j157), one can extend H - M for H € L2(F, jupy)
as usual to obtain a martingale measure which is also orthogonal with intensity p . ar(dt, dx) =
H(t,z)%up (dt,dx), see [5, Theorem I-6]. Moreover, (1.1) then also holds for H € L2(F, upy). In
the sequel, we apply the integral notation

/ H(s,2)M(ds, dz) = H-M(t, E), te[0,T].
0.

Assume that the intensity pps of an orthogonal martingale measure M satisfies pps({t} %
E) =0 for all t € [0,7] a.s. Then, by a localization argument, one can extend the stochastic
integrals driven by M for H € L (F, uar), where L (F, par) consists of all F-predictable H
with fOTfE H(t,z)?up(dt,dx) < co a.s. (see, e.g., [6, Chapter 13] for the case of continuous
M). Namely7 we let (7,)n be the localizing sequence given by 7y := 0 and 7, := inf {t > Tpo1:
fo [ H(s,2)*pr(ds,dz) > n} AT, which are non-decreasing F-stopping times and eventually
constant 71" a.s., and define

/ H(t,z)M(dt,dz) :== lim H(t,x)1,, (t)M(dt,dz),
(0,T]xE =00 J(0,T|x E

where the limit is taken in probability. One notes that the limit does not depend on the choice
of the localizing sequence (7).

Lemma 1.1. Let M be an orthogonal (F,P)-martingale measure with intensity ppr. Then, for
any F-stopping times o,7: Q@ — [0,T] with o0 < 7, A € B(FE), and any bounded F,-measurable
h: Q — R, one has, a.s.,

/ Bl (gr)(5)La(e) M(ds, de) = h[M(r, A) — M(c, A)].
(0,T|xE

Proof. 1t suffices to prove the assertion when 7 = T. We note that the stochastic integral above
is defined in L?(P) as the integrand is F-predictable and bounded which obviously belongs to
L2(F, puar). Let (0, )nen be a decreasing sequence of F-stopping times taking finitely many values
in [0, 7] such that 0, — o when n — oo. Assume 0, (€2) = {s7,..., sy } C [0, T] with s7_; < s}.
Since hl(g, 7114 = hl;la in L2(F, par), we only need to show the assertion for o, in place
of 0. Indeed, one has, a.s.,

kn
/ h]l(UmT](s)llA(e)M(ds,de) = Z/ h]l{anzszp}]l(sg;ﬂ(s)ﬂA(e)M(ds,de)
(0,T|xE o1/ TIxE

kn
=D hlg, =y [M(T, A) = M(s}, A)]

- hIM(T, A) — M(on, A)]

where we note that hl {on=s71 is ]-"S;L—measurable and bounded. O



Lemma 1.2. Let M be an orthogonal (F,P)-martingale measure with intensity upr(ds,de) =
ps(de)ds for some transition kernel {(w,s, A) — ps(w, A), (w,s) € @ x [0,T],A € B(E)}. For
an F-stopping time 7: Q — [0,T], we define F™ = (F{ )1cjo,1] with F] := Frypar and

My(t, A) = M((r + ) AT, A) — M(r,A), (t,A) € [0,T] x B(E).

Then, M; is an orthogonal (F™,P)-martingale measure with (F™-predictable) intensity pys. (ds, de) =

Lo, 7—7](8)ptr+s(de)ds. Moreover, for g: Qx[0, T]x E — R with {(w, s,€) = L(zw,11(5)9(w,s,€)} €

LIQOC(]F7/"LM)7 one has {(wv S, 6) = ]1(0, T—T(w)}(s)g(wv T(w) + s, 6)} = L12OC(FT7MMT) and, a.s.,

/(OT] Eg(s,e)ﬂ(T,T}(s)M(ds,de):/(OT] Eg(7‘+s,e)Il(()’T_T}(s)MT(ds,de), (1.2)
X T x

where the stochastic integrals in the left-hand side and the right-hand side are constructed in
relation to F and F™, respectively.

Proof. 1t is clear that F7 satisfies the usual conditions. According to the optional stopping
theorem, one can readily show that M, is an orthogonal (F”,P)-martingale measure with (F7-
predictable) intensity

:U’M-r((o’t] X A) = <M‘r('aA)>t = <M('7A)>(T+t)/\T - <M(7A)>.,-

= / L7, (r4t)am) (8)nr (ds, de) = / Lo, 7—7)(8)pr+s(de)ds
(O’T}XA (O,t]XA

where the last equality is due to ((7+t) AT) —7 = (T'— 7) A t. In other words,
p, (ds, de) = Lo, 7—r)(8) rts(de)ds.

For the “Moreover” part, we note that 1y 7_, g- is F™-predictable, where g, (w, s, ) := g(w, 7(w)+
s,e). It readily follows from a change of variables that

T T
| [ 1en@lstseutaets = [ 1orq@latr+ 5.0

which yields 1o, 7—9- € L, (F7, puaz, ). For (1.2), let us first consider g(w, s, €) = ha(w)1 (g (s)Lale)
forany 0 <a <b<T, A€ B(F), and any bounded and F,-measurable h,. Then, Lemma 1.1
implies that, a.s.,

LHS(1.2) = / oL (rva. vty (5)La(€)M(ds, de) = ho[M(r v b, A) — M(rV a, A)].
(0,T|xE
Remark that (a —7) V 0 is an F™-stopping time and h, is f(TaiT)vO—measurable as for any Borel
set B and any r € [0, 7],
{ho € B}n{(a—7)VO<r}={hs€eB}n{a<thHU{he € B}N{r<a<(r+7r)AT}).

TV TV
G-FaAT g]:: 6]:72-

Since (a — 7,0 —7]N (0,7 — 7] = ((a —7) VO, (b — 7) V0], Lemma 1.1 implies that, a.s.,

RHS(1.2) =/ hal ((a—r)vo, (—r)v0) (8) La(e) M- (ds, de)
(0.T]xE

= ha[M‘r((b - 7-) v Oa A) - M‘r((a - 7-) v Oa A)]
=hoM(T+(b—7)V0,A)—M(t+ (a—7)V0,A)]
= ho[M(T Vb, A) — M(1Va,A)] = LHS(1.2).

By the linearity, (1.2) holds for all linear combinations of such functions g. Due to the denseness

we obtain (1.2) for g € L2(F, uar), and finally, by a localizing argument we infer that (1.2) holds
for g € L2 (F, unr). O

loc



1.2 SDEs driven by orthogonal martingale measures

Let {MW ... M®} be a collection of (cadlag) (F,P)-martingale measures on [0,7] x B(E).
Assume that each M) is an orthogonal martingale measure with (random) intensity measure

19) which satisfies ‘ A
1D (w,ds, de) = p)(w,de)ds P-as. we

for some transition kernel {(w,s, A) — ,ugj)(w,A), (w,s) € x[0,T,Ae B(E)}, j=1,...,L

Let f: Qx[0,T] x R™ — R™ be Pr ® B(R™)/B(R™)-measurable, a: Q@ x [0, 7] x R™ x E —
R™*¢ he Pp @ B(R™) @ B(E)/B(R™*¢)-measurable and consider the following m-dimensional
SDE

t
Yi=n +/ B(s,Ys_)ds +/ a(s,Ys—,e)M(ds,de), te0,T], (1.3)
0 (0] xE
for some Fp-measurable R™-valued random variable 7, and for M := (M O M (Z))T.

Definition 1.3. A process Y: Q x [0,T] — R™ is a strong solution to the SDE (1.3) with initial
condition 7 if:
(i) Yo =n a.s;

(ii) Y = (Y2)iejo,r) is a cadlag and F-adapted process;

(iii) fo 18(s, Ys—)|ds + D i 123 1f(OTxE\a( (s,Ys , )\2 (de)ds<ooas
(iv) The SDE (1.3) is satisfied for all ¢ € [0,7] a.s.

Proposition 1.4. Assume that there exist constants Kg, Ko > 0 not depending on (w, s,y1,y2)
such that, for P-a.s. w € Q and for all s € [0,T], y1,y2 € R™,

|B(w,s,91) — B(w,s,y2)| < Kgly1 — y2l,

Z (14
MZZ/ 0l (w, 5,41, €) — a9 (w, 5,12, €)|* p(w, de) < KZ2[yr — o, )
i=1 j=1
and that
Kg::IE[ / |3 sO|ds+4€ZZ//|a 49)(s,0,e)|? p) (de)ds| < oo. (1.5)
0

1=1 j5=1

Then, for any Fo-measurable initial condition n, the SDE (1.3) has a unique (up to an indis-
tinguishability) strong solution Y .

Proof. Existence. Let us fix an Fp-measurable 7.
Case 1: 1 € L2(P). We use the usual Picard iterations. Let Y = (Yto)te[o,T] with V! :=n
for all t € [0, 7], and inductively define the sequence of process (Y"),en via

—77+/6 s Y2 st [ als V2L eM(ds.de), e (0.7
(0,t]xE

To show that Y™ is well-defined, we consider

t
o, ;:/ 5(5,o)ds+/ als,0,e)M(ds,de), ¢ € [0,T].
0 (0,t]xE



Combining Doob’s maximal inequality, the inequality (z1 + -+ + x¢)? < €(x? + -+ + 27), Itd’s
isometry with using (1.5) we infer that © is an adapted and R™-valued cadlag process with

T m /£ T
IE[ sup |@t|2} §2E[T/ ]ﬁ(8,0)|2d5+4€ZZ/ / |a(i’j)(s,O,e)\ngj)(de)ds] = 2K2.
0 0 JE

Ost<T i=1 j=1

It then follows from the square integrability of n and Fubini’s theorem that

IE[ sup \Y;l—Ytolz] §2E[ sup ]5@1—)@0—@,5|2] +2E[ sup ]@tﬂ

0<t<T 0<t<T 0<t<T
< AT E[Inf?] + ATK2 Ellnf?) + 4K
< Kfn)(lJrEHnlz]) (1i)

for
K{y = 4max{K§, T°K} + TK3}.

We deduce by induction using the same arguments as above that Y™ is well-defined and square
integrable for all n € N. For any n > 1 and ¢t € [0, 77,
]

/ [a(r, Y e) — afr, an:l, e)|M (dr,de)
(0,s]xE

1
SE| sup [V - Y!‘!Q} < E[ sup
2 o<s<t 0<s<t

/ "B Y — Bl Y dr

2
+E [ sup ]
0<s<t

¢
<t [ 160,72 = 837 Pas|
+ 4@2 ZE[// 109 (5, Y, e) — a9 (s, YL )2 ng)(de)ds]
i=1 j=1 0/E
¢
< o+ KDE| [ - vrpa) (16)
0
where we use Doob’s maximal inequality and It0’s isometry in the second inequality and use
Fubini’s theorem, together with (1.4), in the third inequality. Then, for
Kl = 2(TKj + K3), (2i)

and for any ¢t € [0,T], n > 1, one has

t
E[ sup \Y;‘“—nﬂ < Kl /0 E[ sup m”—n“‘llz]ds-

0<s<t 0<r<s

Tterating the estimate above, we get for any n € N,

T’n
E[OquTm”“ - Y;ﬂ < Ké’f)n‘E[OEuET vl — YTO|2]. (1.7)
S8 : SrS

Combining Markov’s inequality with (1.7) yields

0o 00 2 \n
1 AT K=
2:1@({ sup rYs”“Y;”|>}> SE[ sup IYJYW]Z(@)@O
ni
n=0

Z on
0<s<T 0<r<T o



By the Borel-Cantelli lemma, there is an event {2y with probability one such that for any w € Qy,
there exists n,, € N such that supg< <7 [Yo (w) =Y (w)| < 27" for all n > n,,. We then deduce
that Y (w) converges uniformly on [0, 7] for w € . For all ¢ € [0, T, define

Yi(w) lim,, o0 Y (w) if w € Qg
w =
! 0 if w ¢ Q.

By the uniform convergence and the completeness of the underlying filtration, Y has cadlag
paths and is adapted. Now, by the triangle inequality, it follows from (1.7) that

sup [y — Y|
0<s<T

lim sup |V~ Y0
n—oo OSSST

o .
. Tj

J
<D K\ 5
j=0 I

2K2 .. T
<V 2e7 e Ky /1 + E|nf?,

L2(P)

L2(P)

sup |V, — Y|
0<r<T

L2(P)

which then yields

E[ sup mr?} < 9E[Inf?] + 42K T K2 (L + E(P) < K3 (14 E[0P),  (18)
0<s<T

where

2K?2

enT

K(%ﬁ) =2+ 4e K(Qli). (3i)

By (1.4), (1.5) and (1.8), the following process Z is well-defined in L?(P),

t
Zy =Y, +/ ﬂ(svﬂf)ds +/ a(s,YS,,e)M(dS,de), te [O,T].
0 (0,t]xE

We now show that Z =Y. Indeed, proceeding as in (1.6) with Z in place of Y, we get

sup |Z, — Y < ﬁK(Qi) sup |Ys — Y|
0<s<T L2(P) 0<s<T L2(P)
o0 ] Tj
< \/TK(zl) Z Kggi) o sup |Yvr1 - Y;'0|
i=n J: llogr<T L2(P)
n—oo 07

which completes the proof for the existence when the initial condition is square integrable.

Case 2: 1 ¢ L%2(P). For k € N, following the construction in Case 1, we let Y (k) =
(Y2(k))iejo,r) be the strong solution of (1.3) with initial condition ng := 1l <k} € L2(P). Tt
follows from (1.8) that E[supg<,<r [Ys(k)|?] < co. We prove that

Y(k)]l{hﬂgl} = Y(l)]l{m‘gl}, VeE>12>1 (19)

by showing
E| sup |Y;(k)1 AN 2l = 0. 1.10
Ogth\ (k) Lgpp<y — Ye(D) Lgjn1 <ty (1.10)



Indeed, since 1y, <y is bounded and Fo-measurable, we may move it inside the stochastic
integrals to get, a.s.,

t
Yi(k)Lyp<y =m +/0 ]1{|,7S1}5(5,Y;(k))ds+/(0 s Ly <yels, Ys—(k), €)M (ds, de),
X
and it in particular holds when k is replaced by [. Noting that

Lim<yy F(@) = Ly () = Flalyg<n) — Fylgm<y),
we then derive from the same lines as in (1.6) that, for any ¢ € [0, T,
t
E[ sup |Ys (k)L qjyj<iy — Ys(lﬂ{mgHQ] < Ky / E[ sup |V (k) Lyjyi<ty — Yo (D Lyjyi<yl® | ds
0<s<t 0 0<r<s
which then yields (1.10) with the aid of Gronwall’s lemma. Note that Y'(-) is uniformly Cauchy
in probability as

p({ s o) - %01 > ¢} ) <Pl > 1) 2250, w0,

0<t<T
which then implies the existence of ) such that Y (k) koo y uniformly on [0, 7] in probability.
Consequently, ) is adapted and cadlag, which ensures that

T m. LT
/ 18(s, Vs—)|ds + ZZ/ / 1) (5, Vs, €)|? u¥) (de)ds < oo P-as.
0 0o JE

i=1 j=1

under (1.4), (1.5) and the cadlag property of V. Now, letting k — oo in (1.9) yields Y1y, <;y =
Y ()1, <y for any [ € N. We define

t
Z =+ / B(s, Vs-)ds + / a(s, Ve €)M(ds,de),  t € [0,T]
0 (0,t]xE

so that, a.s,

t
Zt]l{h;\gl} =n+ / ]l{|n|§l}/8(sa ys,)ds + [ | ﬂ{|n\§l}a(sv Vs, €)M(d5, de), te [0, T].
0 0,t|x E
Then,

E| su Zi1 —-Y, ()1 2]<TK%.E|: su Y1 — Y, (D1 2:|:0
[ogth’ thgp<ty — YeDLgm<np ™| < TKp; O§s£T| (nl<ty (D)L {jp<ny]

which shows that Z1 <y = Y (1) Ly <y = V1< for any I € N. Letting [ — oo we conclude
that Z =), and thus, ) solves (1.3).

Uniqueness. Assume that ) and ) solve (1.3) with an initial condition . Define Ty := 0 and

t m ¢
T, = T/\inf{t - Ty :/ |B(s,ys)\2ds+4EZZ// 109 (5, ¢)2ul) (de)ds > n}
0 0JE

i=1 j=1
t ~ m L t o ~ '
A inf {t > Tho1: / 1B(s, Vs)|*ds + 4622// a9 (s, Vs, )2l (de)ds > n}
0 i=1 j=170/F

Then, (T},), is a sequence of non-decreasing stopping times which are eventually constant T" a.s.
Note that, for any n € N, one has E[SUPogth \Vint, — 77\2] < 00, as well as for V. Using the

same arguments as for (1.6), we infer that E[SUPogtST \Vint, — 37t/\Tn |2] = 0, and consequently,
VYor, = )NJ./\Tn for all n. Letting n — co and using the cadlag property we derive ) = ). O



Remark 1.5. The proof of Proposition 1.4 reveals that, if in addition 7 € L2(P) then the strong
solution of (1.3) satisfies

E[ sup |Yt|2] < K(1+E[nl’])

0<t<T

for some constant K > 0 depending only on K,, Kg, Ko, T

2 Miscellaneous

2.1 Proof of [1, Lemma 6.1]

The assumption f[o 1 ngk)(u)ngkl)(u)du = Lgp—py for P@Ap rp-a.e. (w,s) € Qx[0,T] particularly
implies that E[f(;f f[o 1 |n£k)(u)|2duds] = T. Hence, for any (k,1), (n®) - Mpw) is a square

integrable (IF,P)-martingale null at 0. Since My is a continuous martingale measure (see [5,

Section 11(3)]), the process (7*) « My ) is also continuous as indicated in [5, Propisition I-6(1)].
As Mpu and My, are independent for [ # I’ by assumption, it is straightforward to prove
that the product (n®) . My )(n*) *Mgaw) is also a continuous (IF,P)-martingale, which thus
implies that ((n®) « Mpqw), (n®*) *Mgauy)) = 0. We compute the quadratic covariation using [5,
Proposition 1-6(2)], a.s.,

t
<(77(k) Mpw), (n™) sMpan)), = Lu=r} /0/[01]d ) (u)n™) (w)duds = Ly (k,)=(k 1)) ¢

Thus, the desired conclusion follows from the Lévy characterization for Brownian motion. [

2.2  Proof of [1, Proposition 6.5]

(1) Recall from [1, Subsection 6.2] that the operators £y, and L}, coincide, if h executes h. Then
applying Itd’s formula, we obtain as in the proof of [1, Proposition 5.4] that

J(t,XP) - /0 (55 5.8+ (£aT (o0 s, X2) ) s

is a local martingale. Inserting the partial differential equation, we observe that

t
(6, XM + A / / (s, X2, ) log (s, X, y)dyds
0JR

is a local martingale, and hence a martingale, by the boundedness assumptions on J and on the
entropy. Thus, a.s.,
.7-}}

;

T
J(t, XP) = E[J(T, X0+ [ [ s, X2 og s X2 s

—)\// (5, X2, y)log h(s, XB, y)dyds

ZE[Q(X% +A/ /h(stiﬂy) log h(s, XP, y)dyds
t R

h
:‘7t7

i.e., J is a value function of h.
(2) If J is a value function of h, then (J(t, X!));>0 is a modification of 7. Hence,

t
Tt X2 0 [ [ s xP ) loghs, X2 g)dyds (2.1)
0JR

8



inherits the martingale property of

Jh —i—)\// (s, XD, y)log h(s, X, y)dyds.
Conversely, if the process in (2.1) is a martingale, then the last part of the proof of (1) can be
repeated with J in place of J to conclude that .J is a value function of h. O
2.3 Proof of [1, Lemma 7.1]

Recall the representation of X in [1, Theorem 5.1]. For I = 1,...,p, [5, Section II(2)] asserts
that [, f[o 1) fl(k)(s, u)Mpu(ds,du) is a continuous square integrable martingale with quadratic

variation [ f[o 1 |fl(k)(s,u)\2duds. The boundedness of fpi1, fp+2 and [1, Eq. (7.1)] imply

T
/ /Rq o l]dprJrl(S’ Zvu)|2‘z|2]l{0<|z|§R} + ’fp+2(8’ Z’u)’ﬂ{|z\>R}]HJ(dS’ dzvdu) < o0,
X0,

which shows that the process driven by M is a square integrable martingale, and that against
My is an a.s. finite variation process. Hence, X is an R™-valued semimartingale.

According to [5, Proposition 1-6], the quadratic covariation matrix of the continuous mar-
tingale part of X is

< //{01 (5,u)Mpau (ds,du) Z// fllk:’ (5,0) M (ds,du)>

=1
= Z// (s, u)duds = C¥FF),
0,1)¢

For the jump part, it follows from [7, Ch.3, Theorem 1] that

AX, = [fp+1(s, 2, w) 2| Lo 1< ry + for2(8: 2, w) Ly 2> gy M s (ds, dz, du), r € [0, T] P-as.
{r}xR{x0,1)¢

Let A € B(RY") with AN B, (k) = 0 for some k > 0 where B, (k) = {y € R™ : |y| < k}. Since
fp+1 is bounded, there exists € > 0 sufficiently small such that

{(r,z,u) D fpri(ry 2, u) 2 Lgoc)zj<ry + fpr2(r 2, u) L >Ry € A}
= {(Ta z,u) fp+1(’l‘, 2 u)|z|ﬂ{6<\z|§R} + fp+2(r’ 2 u)ﬂ{\z|>R} € A} .
We define the process (L%, LY) depending on ¢ via

(LZ,LY) :_/ (z,u)My(ds,dz,du), t€[0,T].
(0,¢] x{|z|>e}x[0,1]

Let Ny be the random jump measure of X'. Then

Nx((s,t] x A) = > Tiaxea

s<r<t

= 1
S;t {fp+1(T,AL%,ALEJ)‘AL?‘]1{5<‘AL7Z‘SR}+fp+2(T,ALg,AL,g)]1“ALTZ‘>R}€A}

t
:// La(fprr(r 2, u) |2 Lecpzi<ry + Fpra(r, 2,w) 12> my) My (dr, dz, du)
RZx[0,1]@

t
— / / Lt (fys (r, 2 0)|2]) Moy (dr, dz, du)
s J{0<|z|<R}x[0,1]¢

t
n / / La(fora(r, 2, w)) My(dr, dz, du).
s J{|z|>R}x[0,1]4
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As py(dr,dz,du) = v,.(dz)dudr is the predictable compensator of M ;(dr,dz,du), it implies that

t
v ((s,t] x A) = // La(fpyr(r, z,u)|2|)vr(dz)dudr
{0<|2|<R}x[0,1)4

t
—i—// La(fpt2(r, z,u))vp(dz)dudr.
s J{|z|>R} x[0,1]

This result can be extended to A € B(RJ") by using the approximation sequence (AN By, (2))en.
For the predictable finite variation part b%, one has, a.s.,

V=& — z /
t ~
—/ fo(s,u)duds+// fo+1(s, z,u)|2|M j(ds, dz, du)
0 /(0,14 0<|z|<R}x[0,1]¢

t
—i—// fpra(s, z,u)M;(ds,dz, du)
0 J{|z|>R}x[0,1]¢

t
-/ a2l = Dy, 2|2y (ds, 2, )
0<|z|<R}x[0,1]¢

s, WMo (ds, ) = [ / (b)) Na(ds, dy)

[0,1)

t
- / / [Fya(s, 2) — B(fypa(s, 2 )] My (ds, dz, du)
{12|>R}x[0,1]4

t t
:/ fO(S,u)duds+// h(fpt2(s, z,u))vs(dz)duds
0 J/[0,1)4 0 J{|z|>R}x[0,1]4

t
- / / Fpe1(5,2,10) 2] = By (5. 2 )] 2] va(dz)duds
0 J{0<|z|<R}x[0,1)4

t ~
+// fpr1(s, z,u)|z|M(ds,dz, du)
0 J{o<|z1<R}x[0,1]4

t
4 / / D(fyeals, 2, u) Ny (ds, dz, du)
0 J{|2|>R}x[0,1]¢

t ~
- a5 20121 = DUy, 20| =)Ly (s, d, ),
0<|2|<R}x[0,1]4

where in the last equality we use the fact that [ FM; = [ FMy — [ Fuy if F is predictable
and p-integrable, see [4, Proposition 11.1.28]. By identifying the predictable finite variation
component of ), we obtain the desired expression of b*. O

2.4 Proof of [1, Lemma 8.1]
(1) This is straightforward.

(2) By a localizing procedure, we only need to show the desired relation under integrability
condition E[foT |Ys f?)]st] < 00. Then, it is sufficient to prove the relation on (¢;_1,t;] for any
H-predictable Y with E[ [ [Va(¢D)]*ds] < oo. Assume Ya(u) = 35 hj 11,y ()14, (u)
fork € N,t;i_1 <rog <1 <---<rp=t; Aj € B([0,1]%), h;j_; is bounded and ]:g_l—measurable.

Then, by the definition of M

By, one has, a.s.,

ti
Ys dS du h; / B(l) — Y, H dB(l)
/(ti—hti]x[O,l]d ()M B(l) Z J—1 » (gt) (&)

ti—1
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The conclusion for Y € L2(F1, MB) can be derived from a standard approximation argument
where one notes that the It6 isometry coincides for both integrals driven by Mgm and BO),

(3) By writing Y = max{Y, 0} —max{-Y, 0}, we may assume Y > 0, and then the first rela-
tion follows from the argument in [1, proof of Proposition 4.3]. For the second relation, by a lo-
calizing argument, it suffices to show the desired relation under E| fOT ng Ys(2, €M 2 vs(de)ds] <

co. This can be achieved in the usual way by first proving for (—n VY An)ly./s1/n) in place of
Y, and then taking the limit in L?(P) when n — oo with the aid of Ito’s isometry. O

2.5 On the Poisson random measure M

Assume the Lévy process L as defined in [1, Proposition 4.3]. Let {T]”}ijO be the of jump
times of L given by

Tp :=0, T):=inf{t>T}] | :|AL|>1}, j>1,
10 =0, T :=inf{t >T/":1/(n+1) <|AL| <1/n}, j>1, n>1

Let {&] }n,j>0 be i.i.d. with uniform distribution on [0, 1]¢. Assume that {&7 }n,j>0 is independent
of L. We define the Poisson random measure My on [0, 7] x R} x [0,1]% by

M, (OJ, dit,dz, d’LL) = Z Z 5(T]7L(w),ALT]n(W)(w),{;l(w)) (dt7 dz, d’LL)
n=0 j=1

We note that, in general, there is no semimartingale which possesses M; as the associated
random jump measure because fOTf0<|Z‘2+|u|2<1(]z\2+|u]2)uJ(dt, dz, du) might be infinite, except

the case fOTng v(dz)dt < oo (i.e. L is of finite activities).

2.6 On the independence of (Myq),..., Mgw ) and M;
Assume that (Mg, ..., Mpw ) and M; define on the same probability space, then

/ gi(s,u) Mg (ds, du)
(0,T)x[0,1]¢

is independent of

{ / h(s,z,u)M(ds,dz,du)
(0,T]xRIx[0,1]¢

Indeed, it is sufficient to show that

P t
G= (Z/ / gl(SaU)MBu)(ds,du))
=170 /0. t€[0,T]

g1 [0,7]x[0,1]* — R measurable and bounded,! = 1,... ,p}

h: [0,T] x RE x [0,1]4 — [0, 00) measurable}.

is independent of

H = (/ h(s,z,u)MJ(ds,dz,du)>
(0,t)x{|2[>r}x[0,1]¢ te[0,T]

for all (non-random) measurable and bounded g;, h > 0 and x > 0. It is clear that H is of finite
variation and G is a continuous martingale (see [5, Section II(3)]), and both are processes with
independent increments. Observe that (G, H]; = ) jc oy AGsAHg =0 for t € [0,7] a.s. It then
follows from [3, Theorem 11.43] that G and H are independent.
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3 Weak convergence in the Skorokhod topology

3.1 Skorokhod spaces and weak convergence

Fix T € (0,00) and let D7(R™) be the family of all cadlag functions f: [0,7] — R™ and Ar
consists of all strictly increasing and continuous A: [0,7] — [0, 7] with A(0) =0, A(T) =T. We
equip D7 (R™) with the Skorokhod metric

A(£) — A(s)

1
o8 t—s

A7 (z,y) := inf max sup
A€AT 0<s<t<T

- sup Jo() - y(A(tm}.

0<t<T

It is well-known that (D7 (R™),d}") is a complete and separable metric space (see [2, Section
1~4]), however, it is not a topological vector space. It is also convenient to work with the metric
d’p, which defines the same topology as d77 does, given by

@) = i max{ swp \0) 1l sup [of0) = A -
AEAT 0<t<T 0<t<T
However, (D7(R™),d*) is not complete.

An R™-valued cadlag process X = (X¢)¢c[o,7] can be regarded as an F /B(Dr(R™))-measurable
function X: Q — Dp(R™) where B(Dr(R™)) is the Borel o-algebra induced by the Sko-
rokhod metric d'f'. A sequence of R™-valued cadlag processes (X"),en, where X" is defined on
(Qm, F,P™), is said to be weakly convergent to a cadlag process X defined on (92, F,P) if

E"[f(X™)] 2= E[f(X)], V[ € Cy(Dr(R™)),
where E™ and E are the expectation under P" and P, respectively. We then write X Drx,

3.2 A limit theorem of Jacod—Shiryaev for triangular arrays

For the reader’s convenience, we recall (and adapt to our setting) a limit theorem establishing
the weak convergence of triangular arrays which we use to prove the main result in this article.
Let (2, F,P) be a complete probability space and suppose that {U]*,G" : i > 0}, n € N, are

adapted sequences of R%valued random variables. For each n € N, we consider a change of time
opn: % [0,00) — [0,00) with respect to (G}');>0, i.e.,

(a) on(-,0) =0;

(b) For any w, oy, (w,-) is increasing, right-continuous, with jumps equal to 1;

(c) For any t > 0, op,(-,t) is a (G]");>0-stopping time.

Theorem 3.1 ([4], Theorem VIII.2.29). Assume a sequence of d-dimensional semimartingales

(X™)pen where X' = Z;ZY) U, t > 0. Let X be a d-dimensional process with independent
increments and without fized time of discontinuity, having characteristics (b, C,v) in relation to

a truncation function h. Set ét(k’l) = Ct(k’l) + f(f fRd(f](k)f)(Z))(y)u(ds,dy) as in [4, IL.5.8]. If
there exists some dense subset D of [0,00) such that, as n — oo,

on(s)
E[p(UM|G™ ] —
S ; [6(U™M)|GP4]

an(t)
> (EI6®sO)U)Igi] - B ™ Um)gi EbOU)Igr]) & E* vie b,
=1
on(t)

> Elg(UP)IG, —>// v(ds,dy) Vte D,ge C1(RY),

=1
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then X™ converges weakly to X in the Skorokhod topology on the space Do (R?) of cadlag func-
tions F: [0,00) — R, Here, C1(R?) C C2(R?) is a particular class of test functions vanishing
around zero and is introduced in [}, VIIL.2.7].

References

[1]

2]

Bender, C. and Thuan, N.T. (2024). Continuous time reinforcement learning: A random
measure approach. Preprint.

Billingsley, P. (1999). Convergence of probability measures, 2nd ed. John Wiley & Sons,
Inc.

He, S., Wang, J. and Yan, J. (1992). Semimartingale theory and stochastic calculus. Taylor
& Francis.

Jacod, J. and Shiryaev, A. (2003). Limit theorems for stochastic processes, 2nd ed. Springer
Berlin, Heidelberg.

El Karoui, N. and Méléard, S. (1990). Martingale measures and stochastic calculus. Probab.
Theory Related Fields 84, 83-101.

Kushner, H.J. and Dupuis, P. (2001). Numerical methods for stochastic control problems
in continuous time, 2nd ed. Springer, New York.

Liptser, R. and Shiryaev, A. (1989). Theory of martingales. Kluwer Academic Publishers.

Walsh, J. (1986). An introduction to stochastic partial differential equations. Lecture Notes
in Maths. 1180, 265—439.

13



	SDEs driven by orthogonal martingale measures
	Martingale measures and integration
	SDEs driven by orthogonal martingale measures

	Miscellaneous
	Proof of [Lemma 6.1]BN24
	Proof of [Proposition 6.5]BN24
	Proof of [Lemma 7.1]BN24
	Proof of [Lemma 8.1]BN24
	On the Poisson random measure MJ
	On the independence of (MB(1), …, MB(p)) and MJ

	Weak convergence in the Skorokhod topology
	Skorokhod spaces and weak convergence
	A limit theorem of Jacod–Shiryaev for triangular arrays


