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Abstract

We consider a dynamical system describing the motion of a test-particle surrounded by N
Brownian particles with different masses. Physical principles of conservation of momentum
and energy are met. We prove that, in the limit NV — oo, the test-particle diffuses in time
according to a quite general (non-Markovian) Gaussian process whose covariance function is
determined by the distribution of the masses of the surround-particles. In particular, with
proper choices of the distribution of the masses of the surround-particles, we obtain fractional
Brownian motion, a mixture of independent fractional Brownian motions with different Hurst
parameters and the classical Wiener process. Moreover, we present some distributions of
masses of the surround-particles leading to limiting processes which perform transition from
ballistic to superdiffusion or from ballistic to classical diffusion.

Keywords: fractional Brownian motion, limit theorems for stochastic processes, anoma-
lous diffusion, heterogeneous environment, crowded environment

1 Introduction

Experimentally well-established [14, 1, 10, 6], anomalous diffusion (AD) is a phenomenon observed
in many different natural systems belonging to different research fields [22, 15, 13]. In partic-
ular, AD has become foundational in living systems after a large use of single-particle tracking
techniques in the recent years [20, 27, 28]. Generally speaking, AD labels all those diffusive pro-
cesses that are governed by laws that differ from that of classical diffusion, namely, all those cases
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when particles’ displacements do not accommodate to the Gaussian density function and/or the
variance of such displacements does not grow linearly in time.

In the present paper, we propose an attempt for establishing the physical origin of AD within
the picture of a test-particle kicked by infinitely many heterogeneous surrounding particles. We
consider a stochastic dynamical system where the microscopic thermal bath is the forcing for
the mesoscopic Brownian motion of a bunch of N particles that embody the environment of a
single test-particle. Physical conservation principles, namely the conservation of momentum and
the conservation of energy, are met in the considered particle-system in the form of a coupling
between the test-particle and the surround and the fluctuation-dissipation theorem for the motion
of the surround-particles [7], respectively. The key feature of the considered particle-system is
the distribution of the masses of the particles that compose the surround of the test-particle.
When the number of mesoscopic Brownian particles N is large enough for providing a crowded
environment, then the test-particle displays a particular AD motion specifically characterised by
the distribution of the masses of the surround-particles. More precisely, we prove that, in the limit
N — oo, the test-particle diffuses in time ¢ > 0 according to a quite general (non-Markovian)
Gaussian process (Z;):>0 with stationary increments characterised by a covariance function

Cov(Z, Zs) = D (v(t) + v(s) — (|t — s])), (1)

where v(+) is determined by the distribution of the masses of the surround-particles and the
constant D depends on the strength of the coupling between the test particle and the surround-
particles. In particular, for a proper choice of the distribution of the masses of the surround-
particles, we obtain, as a special case, fractional Brownian motion (fBm) with Hurst parameter
H € (1/2,1). In this respect, we remind that the fBm has experimentally turned out to be the
underlying stochastic motion in many living systems, see, inter alia [19, 30, 33]. In this paper,
we present also some distributions of masses of the surround-particles which lead to a mixture of
independent fBms with different Hurst parameters or to the classical Wiener process as the limit-
ing process (Z;)t>0. Moreover, we present some distributions of masses of the surround-particles
leading to limiting processes which perform a transition from ballistic diffusion to superdiffusion,
or from ballistic diffusion to classical diffusion. We expect that our approach allows to cover also
the case of subdiffusive limiting processes after introducing a suitable potential into the considered
particle-system, this is however left for a future paper.

The Brownian motion of the mesoscopic surround-particles is actually described through the
under-damped Langevin equation. Namely, the velocity is provided by an Ornstein—Uhlenbeck
process and the position by the integration in time of the velocity according to kinematics.
Within this setting, the proof of our limit theorem exploits that, conditionally on the masses of
surround-particles, the dynamics of the test particle is Gaussian, and we can make use of the
theory of mixing convergence (see, e.g., [9]) to pass to a suitable scaling limit. The scaling is,
however, worse than in the classical Central-Limit-Theorem (CLT), which is compensated by good
properties of the Ornstein—Uhlenbeck process. The present result pushes forward in a rigorous
way a preliminary analysis [5] aimed to derive models for AD on the basis of an unspecified
(conditionally) Gaussian process generated by the superposition of Ornstein—Uhlenbeck processes.

Furthermore, the constant D in formula (1) depends on the coupling parameter between the
test-particle and the surround (via the constant C,, appearing in Assumption 2.2 below). There-



fore, if we consider several independent and identical copies of the same mesoscopic Brownian-
surround and we immerse into any copy of this surround a single replication of a number of
replicae of a test-particle that are all built-up of the same art but each with its own individual
characteristics, we may obtain different coupling parameters and hence different coefficients D for
the covariance of the limiting Gaussian process (Z;)¢>o from different copies of the experiment.
This is the case, for example, when our test-particle is a complex macromolecule which may differ
from its replicae because of its individual structure features, shape, hydrodynamic radius, etc.
These last considerations may serve as a physical basis for the formulation of AD also within the
framework of the superstatistical fBm [24, 23, 18, 11], where further randomness is provided by a
distribution of the diffusion coefficients associated to each diffusing test-particle, and also within
the framework of its generalisation called diffusing-diffusivity approach [3, 2, 32, 31, 29, 4], where
the diffusion coefficient of each test-particle is no longer a random variable but a process. In
this respect, we remind that the experimental evidences of a population of diffusion coefficients
have been reported, for example, in the motion of mRNA molecules in live E. coli cells [18],
[-adrenergic receptors [8] and dendritic cell-specific intercellular adhesion molecule 3-grabbing
nonintegrin (DC-SIGN) [21]. Thus, the superstatistical fBm [23, 18, 11, 25, 16, 17] together
with the diffusing-diffusivity approach [3, 2] stand as promising methods. Rigorous mathematical
exploration of the connection between our present results (with additional randomness affecting
the constant D) and models of AD within the framework of superstatistical fBm, or diffusing-
diffusivity, are left for our further research.

The paper is organised a follows. In Section 2, we state the problem and present the main
result together with some special cases. Its detailed proof is reported in the following Section 3.

2 Statement of the problem and main result

In the sequel, we consider the motion of a test-particle with mass M that is immersed into a
surround composed by a heterogeneous ensemble of N Brownian particles with positive masses
mg.N, k=1,..., N, positions Ytk’N and velocities Utk’N, N € N. Let XtN be the position and V;N
be the velocity of the test-particle. This system of particles is described by the following system
of Langevin equations:

dX¥ =Vdt, x)=o,
V¥ = & 00 (BNt - e NV vy =o,
Ay N = ufNat, nh=wt @
dUPN = FUPN VN mpn, ans, BEY B )dt + \/ji?dwﬁ , UPN =up™,
k=1,...,N,
where (W}1)i>0, ..., (W)i>o0, ... is a sequence of independent Wiener processes on some proba-

bility space (2, F,P), o N, Bg’N, Brn, k=1,...,N, N €N, are positive coupling constants and
k,N . . _

oy > 0 is the noise amplitude.

In view of establishing the physical origin of AD, we set system (2) such that conservation

principles are met, that is i) the conservation of momentum and i) the conservation of energy, this



last in the form of the fluctuation-dissipation theorem for the diffusion of the surround particles.
Therefore, we have for all k =1,..., N

k,N
kN [N k,N ot BN kN | QRN N
FU Vit mp N, o N, By Ben) = ——————U, " + ——V;, (3)
mg N mgN

and the fluctuation-dissipation theorem implies
<§’N+ﬂk7N)/@BT:J§’N, k=1,...,N, NeN, (4)

where kg and T are the Boltzman constant and the temperature, respectively. Furthermore, we
impose the following assumption:

Assumption 2.1. We assume that there exists a constant o > 0 such that for any N € N and

any k=1,...,N,
k,N
V %0

— V. (5)

mg N
Therefore, combining (3), (4) and (5) and using v := 27, we obtain the followng system of
equations:
(dXN =V/Ndt, Xy =o,
dV}N = ﬁ Zszl (BR,NUf’th - O‘k,NV;th> ) VON =0,
dYEN — yFN g YOIc,N _ yg,N’ (6)
AU = —ymy U dt + SN VNt 4 V2odWE, UFY = ug?
’ k=1,...,N.

For each fixed tp > 0, we are interested in the behaviour of the system (6) during the time
interval [0, ¢p] in the limit N — oo. In order to streamline the notation, we write g; ~ go if and
only if g1(IN)/g2(N) — 1 as N — o0, g1 x go if and only if 3C > 0 such that g; ~ C gs, and
g1 < go if and only if 3C > 0 such that g1 < C gy for all N € N. In the sequel, we impose the
following conditions on the parameters of system (6):

Assumption 2.2. For given parameters a > 0, b > 0, C, > 0, Cg > 0, we assume that

apn =~ CoN™Y, k=1,...,N,
Brn =~ CgN?, k=1,...,N.

Assumption 2.3. (i) For each fixed N € N, we assume that m; n,...,my n are i.i.d. random
variables on the same probability space (2, F,P) with distribution ux supported in [m%m, o0) C
(0, 00). We suppose that

mY. ~ N~ for some d € R

min —



and there exist constants ¢ > 0 and C5 > 0, a sequence (m}y)ven and a nondecreasing function
0 :[0,t0] — [0, 00) such that

miy ~ CsN~° and eNSt) to(t), tel0,tol

Here,

0= S vt
en(t) = ———un(dy),
o (O00) Y2 N

and we will use the notation v(t) := fg 0(7)d71. Moreover, we assume that there exists d’ € R such
that

/ Y~y (dy) < N
(0,00)

(ii) Furthermore, let M := (m1 N, ..., MmN N)ycy denote the collection of all random masses. We
assume that M is a family of independent random variables and that all random variables my, v,
NeN, k=1,...,N, are independent also from the Wiener processes (W}!)i>0, - -, (W/")t>0, - ..

Note that, since my ny are random, so are ag’N and Bg N due to Assumption 2.1 and equal-
ity (4).

Assumption 2.4. For a part of our results, we will use also the following additional assumptions
on the distribution ppn. They are either

(i) There exist € > 1 and C = C(e,t9) > 0 such that the variance function v(¢) satisfies
u(t) < CHFE e [0, t). (7)

Moreover, there exist € € (0,1), C' = C(e) > 0 and Ny € N such that for every N > Ny

1 o e
my e 1 d < C. 8
my </(0,oo) [y {o<ysp + {y>1}] o ( y)) (8)
or
(ii) The masses myn, k = 1,...,N, N € N, are deterministic, i.e. the distribution py is

the Dirac measure concentrated at some point on (0,00); this point may depend on N.
Moreover, there exists C' = C(ty) > 0 such that

o(t) < Ct,  te 0t 9)

Assumption 2.5. We assume that (ulg’N, NeN k=1,... ,N) is a family of independent ran-

dom variables which are independent also from all Wiener processes (W})i>0,.., (W/")i>0, - - -
And, given M, ulg’N has Gaussian distribution NV (0,0/(ymin)), k=1,...,N.



Assumption 2.6. We pose the following conditions on the parameters:

0<a<1l,b>0,d,d eR,§>0,

2(a—b)—0 =1,
d <5+8(b—a)
b>d.

The main result of this paper is the following theorem:

Theorem 2.1. (i) Fiz any to > 0. Under Assumptions 2.1, 2.2, 2.3, 2.5, 2.6, consider a centered
Gaussian process (Zt)te[o,to} with covariance function

20C2%C,
65>1@@y+m@—vw—sm~

COV(Zt,ZS) = < 72062! 5

Then the processes (XtN )
dimensional distributions.
(ii) If, additionally, Assumption 2.4 (i) or Assumption 2.4 (ii) is true, the processes (XtN)te[o,to}
in (6), N € N, converge as N — 00 to (Zy)iejot,) in distribution on the space C|0,to] of continuous
functions from [0, o] to R.

tefog] (6), N € N, converge as N — 00 to (Zt)elo,) in finite

Remark 2.1. Note that the process (Z;)ic[o,4,) has stationary increments. Indeed, E[Z;, 4 —Z;] =

o 2
0, Var(Zyin, — Z¢) = 2Dv(|h|) with D := % and, since the process (Z;);c(0,] is Gaussian, the

distribution of Z; 5, — Z; does not depend on ¢.

We present now some important special cases when the Assumptions 2.2, 2.3 (i), 2.4, 2.6
are satisfied and then outline the ideas of the proof. The rigorous proof of Theorem 2.1 with all
technical details is given in the next Section.

Example 2.1. Suppose v is the Lévy measure of a pure jump subordinator with Laplace expo-
nent ®(\) = f(O,oo)(l — e ™)u(dy). We assume that v is continuous and f(lm) y*v(dy) = oo.
Now, fix d,6 > 0 and define sequences (m2, )nven and (mY, ven via mY, = N~¢ and
f(o my ] y?v(dy) = N°. We consider the distribution py given by

dpn

u ) (10)

(y) = m7vy2 1 (m,{?\]“n 7m7]¥uzx]

where the normalizing constant m’; turns uy into a probability measure. Then, m}, ~ N —9 and
for any tp > 0 and any ¢ € [0, ¢o]

- (1= ) u(dy) 1 B(t) = (1)
(mf,]yy,invm%az}

Note that ®(-) is nonnegative and nondecreasing as a Bernstein function. The limiting variance
function is then

v(t):/o O (y7)dr.

6



Moreover, since the Lévy measure of any subordinator satisfies the condition f(o 00) 1Ayv(dy) <
00, we have

/ y un(dy) =my / y v (dy)
(O)OO) (mN- mi

man’ mam]

<my | (mpn) / yv(dy) + / v(dy) | < N3-S,
(mN_ 1] (1,00)

min’

Hence, we may take d’ = 3d — §. And Assumption 2.3 (i) is satisfied. Then, Assumption 2.6 is
satisfied in the following situation:

€(0,1/2), ac(+1/2,(b+2/3)A1), §=2(a—b)—1, d< (4/3—2(a—Db))Ab.

Furthermore, condition (8) of Assumption 2.4 has then the following view:
Jdee (0,1) and C = C(e) >0 : / yv(dy) < C, (11)
(1,00)

since the condition |, 0,1] yv(dy) < oo is satisfied by the Lévy measure of any subordinator.
Let us consider now some special cases of the above setting:

(i) Fractional Brownian Motion: Let H € (1/2,1) and let v be the Lévy measure of the
(2H — 1)-stable subordinator, i.e.,

v(dy) = 1(g,00)(y)y > dy.

We define iy in accordance with (10). Note that m2 . = (3 —2H) =27 N5=27 . Since

P(2 2H) )\2H 1

N =g

we find the variance function oH 1
r'e-2H -
o(t) = ( gl
2H(2H — 1)
Hence, up to a multiplicative factor, the limiting process is a fractional Brownian motion with
2H—-1

Hurst parameter H. Condition (7) is satisfied, e.g., with ¢ := 2H — 1 and C := %;
condition (11) is satisfied with any € € (0,2H — 1). Hence, Assumption 2.4 (i) is satisfied.

(ii) A Mixture of Fractional Brownian Motions with Different Hurst Parameters: Let
K eNand H, < ... < Hg with Hy, Hg € (1/2,1). Let

K
v(dy) = Lo00)(y) >y~ dy.
k=1



We define py in accordance with (10). Then

F(Q 2Hk) 2H, 1
k=1

and we find the variance function

K ~2Hk—1
ZFQ_QH’“ -
— 2H,(2H, — 1)

Hence, the limiting process is a sum of independent fractional Brownian motions with Hurst
parameters Hy,..., Hx (up to multiplicative factors). In this case, the character of anomalous

_ 2H 2H 1
diffusion changes with time: v(t) ~ %tﬂ{l for small t and v(t) ~ F%ﬁig}g{ f) t2HK

for large t. Assumption 2.4 (i) is satisfied, e.g., with ¢ := 2H; — 1 and € € (0,2H; — 1).

(iii) Further couples (v, @) satisfying the setting (cp. [26]):

(2= ye Yty o —2V) .
v(dy) :== N dy and D(N) = VA (1 —e ) ;

1—eY(1+y)
v(dy) = Tdy and O(A) == Alog(1+1/N).
Example 2.2. Suppose v is the Lévy measure of a pure jump subordinator with Laplace exponent
d(\) = f(o Oo)(1 — e M) u(dy). We now assume that f VY 2u(dy) < oo. Let mY, = N~9 for

some d > 0 and consider the distribution puy given by
dun .
5, W= MY Ly ooy (¥), (12)

where the normalizing constant mjy turns py into a probability measure. Therefore, my =~
(f(o 0) y*v(dy))~1, ie., § = 0. Moreover

enlt) /( (1 &™) u(dy) 1 B(rt) = 5(8)

mN oo)

N
min’

leading, as before, to the limiting variance function

v(t):/o O(vT)dT.

A similar reasoning as before shows

/( ) < o) /( yu(dy) < N

min ’OO)

Hence, we may take d’ = 3d. And Assumption 2.3 (i) is satisfied. Assumption 2.6 is, then,
satisfied in the following situation:

€(0,1/2), a=b+1/2, d<(1/3)Ab



Condition (8) of Assumption 2.4 has again the form (11) and is satisfied for any N € N and any
e € (0,1].

Let us consider now some special cases of the above setting:

(i) Transition from Ballistic Diffusion to Superdiffusion: Let H € (1/2,1) and let v be
the Lévy measure of a tempered (2H — 1)-stable subordinator, i.e.,

v(dy) = 1900y (y)e Yy > dy.

Hence, f(o 00) y?v(dy) < oo. We define juy in accordance with (12). Then (cp. [26)),

SN = A+ 1) -1

2H _
% — t. In this case, the character of

anomalous diffusion changes with time: wv(t) ~ Ct? for small t and v(t) ~ Ct*H for large t.
Condition (7) is then satisfied, e.g., with e := 2H — 1. Hence, Assumption 2.4 (i) is true.

Hence, we obtain the variance function v(t) =

(ii) Transition from Ballistic Diffusion to Classical Diffusion: Let v be the following Lévy
measure:

v(dy) = 1,00)(y)ye "V dy.
Hence, f(o 00) y?v(dy) < oco. We define juy in accordance with (12). Then (cp. [26]),

A

o) = 3

Hence, we obtain the variance function v(t) = ¢t — log(t + 1). In this case, the character of
anomalous diffusion changes with time: v(t) ~ Ct? for small ¢t and v(t) ~ t for large t. Therefore,
condition (7) is satisfied for any ¢ € (0, 1] with some suitable constant C' = C(e,tp) > 0.

(iii) Further couples (v, @) satisfying the setting (cp. [26]):
v(dy) = Lio.00)(y)e Yy~ dy, D(N) = log(1 — N);

v(dy) = 1(0,1)(y)r(11_a)eyy“dy, PA)=1—-(1+XN)"", aec(0,1).

Example 2.3. In this example, the masses my v, k =1,..., N, N € N, are deterministic.

(i) Classical Diffusion: Fix some ¢ > 0 and define puy to be the Dirac measure concentrated at

N°%/2. Then,
1— e NS/
Noey(t) = /(0 ) —p () =1-e N4 10,401 ()

leading to v(t) = ¢, and, hence, to a Wiener process as limiting process. Hence, Assumption 2.4 (ii)
is satisfied. Further, we may take d = —6/2 < 0 and m}; = N—%. Moreover,

/ y tun(dy) = N=%,
(0,00)



ie., d = —2§ < 0. With such choice of parameters, Assumption 2.3 (i) is satisfied. Assumption 2.6
is, then, satisfied in the following situation:

be (0,1/2), ac(b+1/2,(b+3/4)A1), 6=2(a—0b)—1.

(ii) Transition from Ballistic Diffusion to Classical Diffusion: Let now the masses my n,
k=1,...,N, N € N be deterministic and do not change with N, say, uy is the Dirac measure
concentrated at 1. Then m¥Y. =1,d =0,

man

1 — e ¥t .

ex(t)= [ IS () =1- 7 =)
(000) ¥

and hence § = 0, m} = 1, d’ = 0. With such choice of parameters, Assumption 2.3 (i) is satisfied.

Assumption 2.6 is, then, satisfied in the following situation:

be(0,1/2), a=b+1/2.

The variance function is v(t) = t+% (e‘mS - 1). In this case, the character of anomalous diffusion

changes with time: v(t) ~ Ct? for small ¢ and v(t) =~ t for large t. Hence, Assumption 2.4 (ii) is
satisfied.

Below we outline the ideas and the structure of the proof of Theorem 2.1. A complete rigorous
proof can be found in the next Section.

Step 1: We show that we may neglect the drift terms —=~V,Vdt in the system (6) when N — oco.
k,N

m

Hence, we may replace the processes (Utk’N)te[()’tO} in the system (6) by the corresponding Ornstein-

Uhlenbeck processes (ﬁf’N)te[o’tO],

_ t
UPN = upNe 1ment 4 /25 / e NS gk k=1, N. (13)
0
Therefore, solving the ODEs in the first two lines of the system (6), we may approximate the
position of the test-particle as N — oo by the process ()?tN ) ool given by
t€|0,to
B t 1t oay & by
XN [ Par = [Ny [ O8Naras, te o) (14)
0 M 0 k—1 s
N
where Ay =), ag N
Step 2: We show that, as N — oo, the process ()th ) 0] can be approximated by the process
te|0,to

(Z{V> , Where
te[0,to]

~ 1 t
zN = ZﬁW/ UENdr, (15)



Step 3: We show that the processes (Zf\/ ) 0ol N € N, converge in a suitable sense to the
te|0,to

process (Zt)te[o,to} as in the statement of Theorem 2.1. Finally, combining the results of all three
steps, we obtain the statement of the Theorem.

Remark 2.2. Pay attention, that the scaling coefficients 5}“‘;]\] ~ CN®* 1 1In the case § = 0,
this scaling correspond to the scaling in the classical Central Limit Theorem. In the case § > 0,
this scaling is worse than that one in the Central Limit Theorem since a — b —1 > —1/2 due
to Assumption 2.6. This is however compensated by the good properties of Ornstein-Uhlenbeck

processes (UtN)te[O,to]'

3 Proofs

Let us start with some preparatory results. In the sequel, we use the constant C > 0 which may
change from line to line but is always independent of N, k, M, ¢ and any other time indices. We
denote by E[- | M] the expectation given M.

Lemma 3.1. Under Assumptions of Theorem 2.1 (i) consider the Ornstein-Uhlenbeck processes
given by (13). Then we have
E [TV TEN | M| = —Z—emrmenlt=, (16)
YMg,N

Proof. Due to independence of ug’N and the Wiener process W¥, we have

E|TPNTEY | M|

tAs 2
= E[(US’N)2 | M]G*'Ymk,N(tJFS) + 20 VMK, N (tHS) | [(/ e’Ymk,NTdWTk> }M]
0

tAs
_ ¢ e—’ymk,N(H-S)+206—7mk,N(t+5)/ e2YMENT 1
0

YMi,N

o _ _
_ e~ YME Nt=s|

YMi,N

O]

3.1 Step 1: Elimination of the cross-interaction terms in equations for speeds
of surrounding particles

Lemma 3.2. Fiz any tg > 0. Let (XtN)te[o,to] be the solution of system (6) and (ng)te[o,to] be
the process given in formula (14). Under Assumptions 2.2, 2.3, 2.5, 2.6, we have with a suitable
constant C > 0

E | sup

~ar]2
X %]
te(0,to]

< Co(t)t2 N2~ exp (CN_Q(b_d)'%) — 0, (17)
as N — oc.

11



Proof. We first estimate |[VN — ViV for (VM )ieo.t] and (‘N/tN)te[o,to] as in system (6) and for-

mula (14) respectively. For this aim, we consider the following weights

1 < Br. No to_a
wy 1= 3 NORN / o BN (1=8) g —ymi v (5-7) g
M mEN  Jr
k=1 ;
- Br. Na
< Z kN N §CN_(b_d);
An M, N

£
I

1

t
:/ 6_%(T_p)w.rd7' < C'%N_(b_d).
P AN

Further, for the Ornstein-Uhlenbeck process (ﬁtk ’N)te[o,to] and the process (Utk’N

system (6), we have

SRV

a(UFN = OFY) = =i (UFN = TFN) dt + =
k,N

And hence

t
E,N  77k,N QN _ _
Uit — gt = [ EEemmenEny N gy
0 mk7N

Therefore, using the Fubini Theorem,

N t
~ 1 An ~
vN_vN=_— § ﬁkN/ e (=8) (BN _gkNY ds
LV o ( )
N S
- Ly / AN (1) < QN gy (s=r) N g ) d
e , - dr | ds
M & 0

M, N

_ / ( Z Bre,N Ok, N / e*}é\’(ts)evmk,zv(ST)@) dr
mg N T
t _ t__
_ / (VN = V) wedr + / VNw, dr.
0 0

Moreover, again using the Fubini Theorem,

t~ o~
/VTNwTdT—/ ( ZﬂkN/ edj\y(Tp)Uf’Ndp> wydr
0

1 N t t Ay
0 p

12

(18)
(19)

Jeelo,te] @S in

(20)

(21)



Therefore,

2
E

t
(/ ‘Z.Nw-,-d7'> }M]
0
1 X topt
= MQZ@%,N/ / E [U,’f’NUf’N\M} W, dpdr

ke [ [ e

mkN

t
1
< ON~20=d) e ZBkN/ /0 mkNe_Vm’“’NM_TldpdT. (22)

N k=1

Since 2(a — b) — 1 — § = 0 by Assumption 2.6,

t 2
E </ VTNwTdT>
0
t T 1
< CN Bk N/ / E |: e’Ymk,N(TP):| dpdT
Ay k=1 Mk, N
1
<CN? A2 ZBkN/ — (1- evmk’NT)] dr
Av i3 N

_CN QZBkN/eN

AN k=1
< CN~ 2(b— )N 2+2a— 2b+1—5,0(t) — CN_Z(b—d)U(t). (23)

2

Combining (18), (20) and (23) yields by the Fubini theorem and by the inequality ab < (a?+b%)/2
E [MN - ngﬂ < 9E +2E

for any positive a, b
t 2
/ VNw dr
0
t
< CNQ(bd)t/ B {
0

2
] dr 4+ Co(t)N~20-d),
Since v is nondecreasing, we have by Gronwall’s inequality, for every fixed g > 0 and every
t e [0, to]

t ~
‘/ (VN — VN yw.dr
0

E [\VtN - XZNF} < Co(t) N~20=D exp (CN—2<"—d>t3) .
Therefore, for every tg > 0

sup E []VtN — YZNIZ} < Cu(to) N2~ exp <C’N_2(b_d)tg) . (24)
te[0,t0]

13



Finally,

E

sup | XN —XN?| =E | sup
te(0,t0] te[0,to0]

t ~
vN —vMyds
(8 S
0

2]
to - ~

< to/ E [WSN — VsNﬂ ds <t§ sup E [!VSN - VsN|2] :
0

s€0,to]

Thus, by (24) and Assumption 2.6,

E| sup | XN — XN[| < Co(to)taN20"D exp <CN*2(b*d)t%) — 0,
te[0,to]
as N — oo. O
3.2 Step 2: Comparison of <)A(/tN> with (Zf) .
te(0,to] te[0,to]

Lemma 3.3. For each fized ty > 0 consider (X‘tN)tE[O,tO] and (ZN)te[O,to} as in formulas (14)
and (15) respectively. Under assumptions of Theorem 2.1 (i), we have

sup E U}Z'tN — ZtN\Q] < CMo(ty)) N1 — 0, N — oo.
te(0,to]

Proof. We have by formula (14) and by the Fubini theorem
t ~
X7 =M Z/BkN/ s / Uf’_]\;des

k=1 s
N
Z / / UFNdrds
ki

1 X t t—7
ZBk,N/ U ’N/ ~ s dsdr

— 0 0
1 Y t Ay
o [0 1)
0

k=1

N
~ 1 A
=ZN - g §j / UbNe= 31 (=7 gr.
k=

14



Consider R := ﬁ Ek 1 BkaO TFN (t—T)dT. Hence, by (16) and Assumptions 2.3, 2.6,
~ ~ 2
EUX{V—Z{V” [‘R w
.A A . _
L A T

N =1
tor AN AN o
By / / 6—M<t—7>e—M(t—p>E{ e—wmk,mp—ﬂ} dpdr
A?\, ; Y, N

o Zﬁm/e ey (r)d

Ay k=1
t

SCN2+2a+12b61-)(t0)/ o= B t-T) g

0

< C@(to)%v < CMo(tg) N — 0, N — oo.

3.3  Step 3: Convergence to the Gaussian Process (Z;)

Let us introduce the following notations:

t s 1
:/ / —e ™=l drdp:
0o Jo ™M

Nyt,s o 2 t.s
=y TAMg,.N);
3 7A?Vﬁk,NCP (M, N );

N7t7 Pyp— N7t7 N7t’ .
M, s~—£k S_E[fk S]a

N
Nit, Nit,
b ne s
k=1
N
Nit,s .__ N,t,s 7N —N
¢Vbe =g = Cov(ZN, ZN M),
k=1

where the last identity is due to Lemma 3.1 and (15).

Lemma 3.4. Under assumptions of Theorem 2.1 (i), we have

. 20C2C5\ 1
2] () St et ol ¥

15



Proof. Let
t ~
zZPN = / UFN dr.
0

Since U* is (conditionally on M) a stationary Ornstein-Uhlenbeck process, Z® has stationary
increments conditionally on M. Hence, using the equality ab = % (a2 + 0% — (a— b)2) for a,b > 0,
we obtain

Cov(zZN,ZN | M) = Z,@k NE[ZEN ZBN | M)

T2
ANkl

AT Z Bi v (i () + v v (s) — v ([t = s1))) (25)

Nkl

where vy N (1) 1= E[(Zf’N)Z\M]. Now, by Lemma 3.1,

t T - -
v (1) = 2 / / E[UPNUSN | M]dpdr

/ / —’Ymk,N(T—P) dpdT
0 Y, N

e —YMg,NT

= — —dT
2 2 .
’Y 0 me N

Taking expectation and applying Fubini’s theorem and the monotone convergence theorem, we
obtain

NOE[vg n ()] = igmmyv /0 t °N(f)d7 — Z20(t). (26)

ma Y

In view of (25),
20‘0%05 1

Cov(zN,zZNy - =
OV( t ) 7203 2

S

(v(t) +v(s) = v(]t = s]).-

Lemma 3.5. Under assumptions of Theorem 2.1 (i) we have

o0
ZE [|77N’t’5|4] < 00.

N=1

Proof. Since E [ N’t’s} = 0, we obtain by the i.i.d. property of masses mi n,...,mn,N

E[MN,t,s’] NE [|nNts‘]+3N(N 1E [\UN’t’s! }2

16



Hence

E U,r’N,t,S|4] < 3N2E [(d\/,t,s _E [éiv,t,SD‘l] < ON’E |:‘§N,t,s

. (27)

Now,

4 _ _ 4
‘f{vyt,s <CN 8(14+b—a) ‘Spt,s(mLN)‘ )

Noting that

t s
— / / lefvm\T*P\dep < ts
0 o m - m’

we observe,

E Ug{\ﬁt,s 4} < Ct(S)N—S(l—I—b—a)/ v~ (dy) < Cth—8(1+b—a)+d’
(0,00)
Therefore,
o0
ZE Nits |t S Ct%ZNflJr(SafBbe)er’) < o0,
N=1
since 8a — 80 — 5 + d’ < 0 due to Assumption 2.6. O

Lemma 3.6. Under assumptions of Theorem 2.1 (i), we have P-almost surely

I 20C%Cs \ 1
Cov(ZN,ZN | M) — <72£,26> 3 (v(t) +v(s) —v(t —s]), N — oo.

Proof. For every € > 0, we have by Lemma 3.5 and Markov’s inequality

o0
SRl > b < 5 B e
N=1

Hence, n™'%* — 0, N — oo, P-almost surely by the Borel-Cantelli Lemma. Therefore, the
statement follows from Lemma 3.4. O

Let us now recall the notion of mixing convergence of random elements.

Definition 3.1. Let (2, F,P) be a probability space. Let X’ be a separable metrizable topological
space endowed with its Borel o-field B(X). Let G C F be a sub-o-field. A sequence ({n)nen
of (X, B(X))-valued random elements is said to converge G-mizing to a (random element with)
probability distribution v on X', if the conditional distributions P g converge weakly to v as
N — oo, i.e., if for every f € L' (92, F,P) and every bounded continuous function h on X

Jim B7E (h(én)i0l) = Blf] | hab.

17



Remark 3.1. Note that the G-mixing convergence is a special case of the so called G-stable
convergence; and G-stable convergence implies also convergence in distribution (see [9] for further
details).

Lemma 3.7. Let o(M) be the o-field generated by the family M given in Assumption 2.53. In

the setting of Theorem 2.1 (i), the sequence of stochastic processes <(2tN)t€[0,to])N N converges
€

o(M)-mizing in finite dimensional distributions to the process (Zt)¢>o, i.e., for anyn € N and any
ti, ... tn €10,%0], the (R™, B(R™))-valued random elements (thy, R ZtZX) converge o(M)-mixing
to (Ztl’ ey Ztn)-

Proof. By Lemma 3.6, conditionally on M, we have a sequence of Gaussian stochastic processes

<(ng )telo to]) with continuous paths whose mean functions and covariance functions converge
’ NeN

to those of the process (Z;)ic[4,]- Therefore, conditionally on M, all finite dimensional marginal

distributions of processes (ZtN)te[O,tg] converge to those of the process (Z;)¢>0. O

Lemma 3.8. In the setting of Theorem 2.1 (i), the sequence of processes ((XtN)te[O,to})
converges o(M)-mizing in finite dimensional distributions to the process (Zt)ic(o,to]-

NeN

Proof. Since, by Lemma 3.7, the sequence of processes ((ZN )te[o,t0]> ey COnverges o(M)-mixing
€

in finite dimensional distributions to the process (Zi).c(o4,), it is enough to show that for any
e >0, any n € N and any t1,...,t, € [0, to]

P(H(ng,...,xgp_(Zgy,...,zgg)HRn >5) —40, N — oo,

and to apply Theorem 3.7 (a) of [9]. By Markov’s inequality, Lemma 3.2 and Lemma 3.3, we
have

P (||, X~ @Y. 2

o)
Rn
2
Rn
n

2 - o
5 (B [Ix - X5P] +E 1% - Z)?))
j=1

n t1 i 7%

1 . -
< E [H(XQ’,...,XgV)—(ZN 7\

IN

2 ~ ~ ~
< | s B[IXY - XVP] 4 sw BIXY - ZNP] ) — o0,
€ t€[0,to] t€[0,to]
as N — oo. Ul
Let us now refine the previous result to the convergence of processes ((XtN )te[o,to]) Ney to the

process (Zt)te[oﬂfo]. To this aim, we need the following preparatory result:

18



Lemma 3.9. Fix Ny sufficiently large such that Ay > M for every N > Ny. Then, there is a
constant C > 0 such that for every 0 < e <1, N> Ny and 0 < s <t <t

E[|XN - XNP]

1 €
<clo(t—s)+ (= Mgoeyry + =T gyony | an(dy)) [t — s+
m y y

N
(0,00)

Proof. Let 0 < s <t <T. We write (cp. the proof of Lemma 3.3)
XN - xY

1 N b AN
= TN Zﬁk’N/ Uf’N (1 — 677@77)) dr

N
1 A A
2 2 v [N (e e R ar
k=
= O+ )
By standard calculations, making use of (16),

E[|(D)?

2% topT e—1y(T=p) An
N AT ==
< %\7; s Js J(0,00) Yy

Ay
x(1—e" it Ny (dy)dpdT

= (72%;@“0/ /OOO /- O ) dr

- (72 Ay ;B ’ N) /: /(Om)(l — e )y i (dy) dr

- <’72 Ay kZlIBk N) /ots /<o,oo)(1 — W)y iy (dy) dr

= <2Um11:k lﬁkN> /Otsegg) (20m§};ﬁ“{> T

(28)

For the estimate of (1), we fix some 0 < ¢ < 1 and assume that Ay > M. Moreover, we
abbreviate

glt,s;7) = e TG _ =T =)

19



Then,
E[l (U) |2]

s T e—1Y(T—p)
E BN / / / —g(t,s; p)dp un(dy) g(t, s;7) dr
N 1 0 J(0,00)J0 Yy

Now,
T o= 1Y(T—p)
/ ———g(t, s;p)dp
0 Y
_ 1 - (e—“‘]\—{l\’(s—r) - e*%(t*ﬂ + (efAWNt _ e*%s)ef’yy7>
y(vy + 51)
1—e €
- 1 . (e AN (5—r) _ e_%v(t_f)) (e—AWN(s—T)_e—fR—IIV(t—T)>
y(vy + 51)
< 1 1 1 (e——(s ) _ b (t_T))e
Y (vy+ 50 (v +5)
M € €
(s—7) — =L (t—1)
= (y.A Lio<y<1y + Yoyl A5, {y>1}) (e M M >
1 1 M _AN (57 t—T) ‘
< (]1{0<y<1} + 2—671—61{y>1}> <A (e T —e ( >)
1 1 .
< y]l{0<y<1} + yg 671 e]l{y>1} ’t - 8‘ :
Hence,
E[|(11
1
Zﬁw 1{0<y<1}+72 i L1y | v (dy)
N k=1 0
(0,00)
><< ts¢d7>]t—s]5
Noting that
s M AN
ts,T)dr < — (1—e 2 79)) < |t — ],
| atesnar < 5 ( )<l

we finally obtain

E[|(ID)P] (2””” Sg2 N>

Ax k=1
1 / [1 1 .
X ; ~Tgocy<ty + 55— Lyys1y | un(dy) | |t — s
my y L0<ys1H T e Tme Hy>1)

(0,00)
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Noting that the factor m}"VAjVZ Zszl ﬁ,%} y is bounded in N by Assumption 2.6, the proof is
finished. O

Lemma 3.10. Let X be the space of continuous functions C[0,ty] endowed with its Borel o-field

B(X). In the setting of Theorem 2.1 (ii), the sequence of processes ((XtN)te[O,to])NeN7 consid-

ered as (X, B(X))-valued random elements, converges o(M)-mizing in distribution to the process
(Zt)te[o,to} .

Proof. Note that each process (ng)te[07t0], N €N, as well as each process ()A(:tjv)te[o,t()b N e N,
has continuous paths as (a part of) a solution of a multidimensional linear in a narrow sense
stochastic differential equation driven by a (multidimensional) Wiener process. Further, let us

first show that the sequence of processes ((XtN)te[O,toON N is tight in X. By Corollary 14.9
€
of [12], it is enough to check that ()?éV)NeN is tight in R and E [|)?tN - )A(ZVH < Clt — s|P for

some p > 1, ¢,C > 0 not depending on N. Recall that )zév =0 for all N € N, hence ()?éV)NeN is
tight.

Consider the setting of Assumption 2.4 (i). We have by Lemma 3.9 (with ¢, ¢ and Ny as in
Assumption 2.4 (i))

E [p?tN - )“(';Vﬂ <COlt—s|'t, tse(0,t), N> N

Hence, the family (()?tN)tE[O,to])N N is tight in X
€
In the setting of Assumption 2.4 (ii), we have by Lemma 3.9 with € := 0

E[;XgV—X;VP]gcn—sy, t,s€0,t], N> Np.

Since, in the setting of Assumption 2.4 (ii), X — X~ is Gaussian (and not only conditionally
Gaussian as in the case of random masses my, ), we get,

E [p?tN - )?S{Vﬂ < 3C2t — s|?.

Therefore, the family <(ng)te[07to])N N is again tight in X.
€
Further, it follows from the proof of Lemma 3.8 that the sequence of stochastic processes
(()N(tN )te[o,to]) ey COnverges o (M)-mixing in finite dimensional distributions to the process (Z)¢e[o,¢]-
€
Therefore, the processes (()A(/gv)te[()’to])]v | converge to the process (Zi).e(o,,) 0(M)-mixing in
€

distribution by Proposition 3.9 of [9].
Moreover, we have for any ¢ > 0 by Markov’s inequality

¥ (HXN ; XNHC([O,tO]) ~ E) = ei?E [HXN B )?NHZ([OM)]

1
:;21@

sup
te[0,to]

~ 2
Xg’V—XtN‘ ] —50, N — oo,
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by Lemma 3.2. Therefore, the sequence of processes ((X{¥)ie(0.40]) ney converges o(M)-mixing
in distribution to the process (Z;);c[0,¢,] by Theorem 3.7 (a) of [9]. In particular, the sequence of
processes ((XtN)te[O,to])NeN converges to the process (Z;);c[o,) in distribution (cp. Remark 3.1).

0
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